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Abstract. We reevaluate the hadronic vacuum polarisation contributions to the muon magnetic
anomaly and to the running of the electromagnetic coupling constant at the Z-boson mass. We include
newest e+e− → hadrons cross-section data together with a phenomenological fit of the threshold region
in the evaluation of the dispersion integrals. The precision in the individual datasets cannot be fully
exploited due to discrepancies that lead to additional systematic uncertainty in particular between
BABAR and KLOE data in the dominant pi+pi− channel. For the muon (g − 2)/2, we find for the
lowest-order hadronic contribution (693.9± 4.0) · 10−10. The full Standard Model prediction differs by
3.3σ from the experimental value. The five-quark hadronic contribution to α(m2Z) is evaluated to be
(276.1± 1.0) · 10−4.
1 Introduction
The Standard Model (SM) predictions of the anomalous
magnetic moment of the muon, aµ = (gµ − 2)/2, with
gµ the muon gyromagnetic factor, and of the running
electromagnetic coupling constant, α(s), an important
ingredient of electroweak theory, are limited in precision
by hadronic vacuum polarisation (HVP) contributions.
The dominant hadronic terms can be calculated with
the use of experimental cross-section data, involving
e+e− annihilation to hadrons, and perturbative QCD
to evaluate energy-squared dispersion integrals ranging
from the pi0γ threshold to infinity. The kernels occur-
ring in these integrals emphasise low photon virtuali-
ties, owing to the 1/s descent of the cross section, and,
in case of aµ, to an additional 1/s suppression. About
73% of the lowest order hadronic contribution to aµ
and 58% of the total uncertainty-squared are given by
the pi+pi−(γ) final state,1 while this channel amounts
to only 12% of the hadronic contribution to α(s) at
s = m2Z [1].
In this work, we reevaluate the lowest-order hadronic
contribution, ahad,LOµ , to the muon magnetic anomaly,
and the hadronic contribution, ∆αhad(m2Z), to the run-
ning α(m2Z) at the Z-boson mass using newest e+e− →
hadrons cross-section data and updated techniques. In
particular, we perform a phenomenological fit to supple-
ment less precise data in the low-energy domain up to
0.6 GeV. We also reconsider the systematic uncertainty
in the pi+pi− channel in view of discrepancies among
the most precise datasets.
1 Throughout this paper, final state photon radiation is
implied for all hadronic final states.
All the experimental contributions are evaluated us-
ing the software package HVPTools [2]. To these are
added narrow resonance contributions evaluated ana-
lytically, and continuum contributions computed using
perturbative QCD.
2 Combination of experimental inputs
The integration of data points belonging to different
experiments with their own data densities requires a
careful treatment especially with respect to correlated
systematic uncertainties within the same experiment
and between different experiments, as well as within
and between different channels. Quadratic interpolation
(splines) of adjacent data points is performed for each
experiment, and a local combination (weighted aver-
age) between the interpolations is computed in bins of
1 MeV, or in narrower bins for the ω and φ resonances.
Doing so, the weight determination for the various con-
tributions conservatively uses only locally the informa-
tion on the size of the uncertainties and on the correla-
tions between the measurements, which is actually not
perfectly known.
Generally speaking, the estimated systematic un-
certainties are impacted by uncertainties on their size
and on correlations (among data points of a given
experiment and among experiments), because of sev-
eral reasons. Indeed, systematics are evaluated in rel-
atively wide mass ranges with sharp transitions be-
tween them (see e.g. Refs. [3, 4]), the event topologies
change between the measurements performed at differ-
ent centre-of-mass energies (
√
s) (impacting e.g. accep-
tance and tracking efficiency), the background compo-
sition changes with
√
s, the systematics of trigger and
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2tracking can be correlated when the latter is involved in
the trigger decision and even one standard deviation is
statistically not well defined for systematic uncertain-
ties.2
The uncertainties provided for each measurement
are propagated using pseudo-experiment generation, al-
lowing to evaluate covariance matrices between all the
measurements of a given channel, between the experi-
ments in all the fine bins, between the bins of the combi-
nation result, as well as between the integrals using in-
terpolations or respectively a fit. Correlations between
channels are accounted for by propagating individually
the common systematic uncertainties.3
Where results from different datasets are locally in-
consistent, the combined uncertainty is rescaled accord-
ing to the local χ2 value and number of degrees of free-
dom following the PDG prescription [8]. For the dom-
inant pi+pi− channel such inconsistencies are currently
limiting the precision of the combination (see discussion
below). In most exclusive channels the largest weight in
the combination is provided by BABAR data.
Closure tests with known distributions have been
performed in the dominant pi+pi− channel to validate
both the combination and integration procedures.
3 Input data
Exclusive bare hadronic cross-section measurements for
32 channels are integrated up to 1.8 GeV over the rele-
vant dispersion kernels. This analysis uses all the avail-
able public data with recent additions [9–18]. Refer-
ences for data already included in our 2017 analysis are
provided in the corresponding paper [1] as well as ear-
lier publications [19, 20].
In the energy range 1.8–3.7 GeV and above 5 GeV
four-loop perturbative QCD is used [21]. The contribu-
tions from the open charm pair production region be-
tween 3.7 and 5 GeV are again computed using experi-
mental data. For the narrow resonances J/ψ and ψ(2S)
Breit-Wigner line shapes are integrated using their cur-
rently best known parameters [8].
The following discussion of individual channels fo-
cuses on the HVP contribution to aµ as it relies
more strongly on the low-energy experimental data. We
mainly explore the impact of the data released since our
last publications [1, 19]. If not stated otherwise, all nu-
merical results for aµ are quoted in units of 10−10.
2 In other areas, uncertainties on uncertainties and on
their correlations have recently been studied and several
different “configurations”/“scenarios” of uncertainties were
published [5–7].
3 A number of 15 such uncertainties are accounted for
in the current study. Typical examples are the luminosity
uncertainties, if the data stem from the same experimental
facility but measure different channels, and uncertainties re-
lated to radiative corrections.
3.1 The pi+pi− channel
Data from the BABAR [3, 22] and KLOE [4, 23, 24]
experiments dominate the measurement of the pi+pi−
channel. Their sub-percent precision is not matched by
the other experiments (CMD-2, SND, and BESIII4).
New data in this channel stem from CLEO [12] us-
ing large angle initial state radiation (ISR) and tak-
ing into account up to one additional photon, follow-
ing the BABAR method [22]. Relatively large statisti-
cal uncertainties and a systematic uncertainty of 1.5%
are, however, insufficient to improve the precision of the
combined pi+pi− contribution. Recently, a combination
of the three KLOE measurements was proposed [26].
We do not use this combination as the KLOE mea-
surements correspond to different ISR topologies and
normalisation procedures.5 Eigenvector decomposition
of the statistical and systematic covariance matrices of
the three most recent series of KLOE measurements [26]
is used. Each eigenvector multiplied by the square-root
of the corresponding eigenvalue is treated as an uncer-
tainty source that is fully correlated between the KLOE
data points, while the individual sources are treated as
independent among each other. Pseudo-experiments are
generated in the usual way to propagate correlated un-
certainties among the KLOE measurements.
Figure 1 shows the available e+e− → pi+pi− cross-
section measurements in various panels zooming into
different energy ranges. The green band indicates the
HVPTools combination within its 1σ uncertainty. Com-
parisons between the combination and the most pre-
cise individual measurements are plotted in Fig. 2. Fig-
ure 3 (left) shows the local combination weight versus√
s per experiment. The BABAR and KLOE measure-
ments dominate over the entire energy range. Owing
to the sharp radiator function, the KLOE event yield
increases towards the φ(1020) mass leading to a bet-
ter precision than BABAR in the 0.8−1.0 GeV region.
The group of experiments labelled “Other exp” in the
left panel of Fig. 3 corresponds to older data with in-
complete radiative corrections. Their weights are small
throughout the entire energy domain. The right hand
panel of Fig. 3 shows the scale factor versus centre-
of-mass energy that is locally applied to the combined
pi+pi− cross-section uncertainty to account for incon-
sistencies among the individual measurements. Signifi-
4 There is a small inconsistency between the bin-by-bin
statistical uncertainties and the diagonal values of the sta-
tistical covariance matrix of the pi+pi− data published by
BESIII [25].
5 Using the KLOE combination we find for ahad,LOµ [pipi] be-
tween the pi+pi− threshold and 1.8 GeV a value of 506.6±2.4,
which is to be compared with 506.7 ± 2.3 as obtained
from the HVPTools combination. For both calculations the
usual local
√
χ2/ndof uncertainty rescaling method was ap-
plied. Without the rescaling the corresponding results are
506.6 ± 2.0 and 506.7 ± 2.0, respectively. The similarity of
the results is maintained when using a phenomenological fit
up to 0.6 GeV (see later in text).
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Fig. 1. Bare cross section of e+e− → pi+pi− versus centre-of-mass energy for different energy ranges. The error bars of
the data points include statistical and systematic uncertainties added in quadrature. The green band shows the HVPTools
combination within its 1σ uncertainty.
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Fig. 2. Comparison between individual e+e− → pi+pi− cross-section measurements from BABAR [3, 22], KLOE 08 [4],
KLOE 10 [23], KLOE 12 [24], BESIII [25], CLEO [12], CMD-2 03 [27], CMD-2 06 [28], SND [29], and the HVPTools combi-
nation. The error bars include statistical and systematic uncertainties added in quadrature.
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Fig. 3. Left: relative local weight per experiment contributing to the e+e− → pi+pi− cross-section combination versus
centre-of-mass energy. Right: local scale factor versus centre-of-mass energy applied to the combined pi+pi− cross-section
uncertainty to account for inconsistency in the individual measurements.
5cant inconsistencies are found between the most precise
BABAR and KLOE datasets.
The computation of the dispersion integral over the
full pi+pi− spectrum requires to extend the available
data to the region between threshold and 0.3 GeV, for
which we use a fit as described below.
Phenomenological fit
The bare e+e− → pi+pi− annihilation cross section is
related to the pion form factor F 0pi (s) (excluding vacuum
polarisation) by
σ(0)(e+e− → pi+pi−) =
piα2
3s β
3
0(s) · |F 0pi (s)|2 · FSR(s) , (1)
where α is the electromagnetic coupling constant,
β0(s) =
√
1− 4m2pi/s is a threshold kinematic factor
and FSR(s) is the final state radiation contribution.
The pion form factor is an analytic function of s in
the complex plane, except on the real axis above 4m2pi. It
can be parameterised as a product of two functions [30]
F 0pi = G(s) · J(s) (2)
where
G(s) = 1 + αV s+
κs
m2ω − s− imωΓω
, (3)
and, exploiting the unitarity constraint which identifies
arg(F 0pi ) with the P-wave pi+pi− phase shift δ1(s),
J(s) = e1−δ1(s0)/pi ·
(
1− s
s0
)[1− δ1(s0)pi ] s0s(
1− s
s0
)−1
· exp
(
s
pi
∫ s0
4m2pi
dt
δ1(t)
t(t− s)
)
. (4)
The last term in Eq. (3) accounts for ρ−ω mixing. The
function J(s) is taken from Refs. [31, 32]. Owing to ρ
dominance, the phase shift δ1(s) can be parameterised
by [33]
cot δ1(s) =
√
s
2k3(s)
(
m2ρ − s
)( 2m3pi
m2ρ
√
s
+B0 +B1ω(s)
)
(5)
with
k(s) =
√
s− 4m2pi
2 , ω(s) =
√
s−√s0 − s√
s+
√
s0 − s .
The six free parameters αV , κ, mω, mρ, B0 and B1
are determined by the fit to the pi+pi− data restricted
to the region up to 1 GeV to stay below the thresh-
old of significant inelastic channels. The width of the
ω resonance is fixed to its PDG value of 8.49 MeV [8],
and √s0 = 1.05 GeV. The results of the fit are given
in Table 1. To derive an estimate for the model un-
certainty, we independently vary √s0 to 1.3 GeV and
remove the linear term B1ω(s) from Eq. (5) since the
resulting value of B1 from the nominal fit is consistent
with zero.
The fit is performed using as test statistic a diag-
onal χ2 function that accounts for the statistical and
systematic uncertainties of the experimental measure-
ments. The same uncertainty rescaling in case of lo-
cal discrepancies among datasets as for the HVPTools
based combination is applied. Correlations are ignored
in the test statistic, but accounted for in the uncertainty
propagation through a series of pseudo-experiments for
each of which the full fit procedure is repeated. This is a
conservative procedure, as exploiting correlations in the
test statistic would improve the precision of the fit. Ac-
tually, the most precise measurements are dominated
by systematic uncertainties, whose size and mass de-
pendence as well as correlation among each other and
among data points rely on estimates with somewhat
limited precision, as discussed in section 2. Since there
are also clear indications of a significant underestimate
of the size of uncertainties in the discrepant dataset(s),
we prefer not to exploit this information in the con-
strained fit. Pseudo-experiments are also used to assess
the goodness-of-fit on the data, which yields a p-value
of 0.27.6 We have checked the reliability of this pro-
cedure by generating a set of pseudo-experiments and
evaluating the p-value for each of them. The expected
distribution of p-values reconstructed this way is indeed
uniform between 0 and 1.
A graphical comparison of the fit result with the
data is shown in Fig. 4. In the energy range between 0.3
and 0.6 GeV, the result of the fit yields for ahad,LOµ [pipi]
a contribution of 109.8± 0.4± 0.4, where the first error
is experimental and the second the model uncertainty.
The latter is obtained by adding linearly the absolute
values of following two variations: the √s0 variation of
−0.13±0.10 and the difference of without and with the
B1ω(s) term of 0.24 ± 0.14, where the uncertainty of
each variation accounts for the correlation between the
integral results. The corresponding result based on data
integration is 109.6±1.0. Taking into account the corre-
lation of 72% between the experimental uncertainties,
the difference between the two evaluations amounts to
0.2 ± 0.9. Similarly, for ∆αhad(m2Z) the difference is
0.020 ± 0.028. The fit therefore gives compatible but
more precise results than the direct data integration.
Other studies using constraints from unitarity and
analyticity with the aim to improve the precision of the
pi+pi− HVP contribution to the muon g− 2 exist in the
literature. The treatment followed in Ref. [34] is simi-
lar to ours with, however, a more elaborate theoretical
6 The p-values for each individual dataset read 0.042
(BABAR), 0.097 (KLOE), 0.449 (CMD), 0.675 (TOF),
0.718 (DM1), 0.756 (CMD-2), 0.796 (SND), and 0.984
(CLEO). The p-values for both OLYA and BESIII are close
to 1.
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Fig. 4. Same as Fig. 2 except that the comparison is made with respect to the fit instead of the combination. The black
and red curves show the results of two alternative fits where the data from KLOE and BABAR, respectively, were excluded.
αV κ[10−4] B0 B1 mρ [MeV] mω [MeV]
αV 0.133± 0.020 0.52 −0.45 −0.97 0.90 −0.25
κ[10−4] 21.6± 0.5 −0.33 −0.57 0.64 −0.08
B0 1.040± 0.003 0.40 −0.40 0.29
B1 −0.13± 0.11 −0.96 0.20
mρ [MeV] 774.5± 0.8 −0.17
mω [MeV] 782.0± 0.1
Table 1. Results of the fit to all pi+pi− data. The diagonal elements give the fitted parameter values and their uncertainties,
while the off-diagonal elements give the correlation coefficients.
analysis. Differences are also present in the treatment of
experimental data, Ref. [34] using a χ2 computed glob-
ally, including correlations across all the experimental
data points and bins in the full mass range of interest.
However, in order to avoid too low p-values, some bins
of the KLOE measurements were removed in that study
and energy rescaling parameters were introduced to fit
each measured energy spectrum. A different approach
is followed in Ref. [35, 36] where the low-mass contri-
bution was obtained from input data at a fixed mass,
followed by a simple average used to combine inputs
in the
√
s range between 0.65 and 0.71 GeV (and then
to combine values from different experiments). Instead
of a direct evaluation of the correlations from the pub-
lished information, they were assumed to be the same
between all the combination inputs and an attempt was
made to evaluate them based on the resulting χ2 value.
It is possible to directly compare the results for the
mass region between threshold and 0.63 GeV. In the
present analysis a value of 133.4 ± 0.5 ± 0.4 is found,
which agrees with the other results, 132.8±0.4±1.0 [34]
and 132.9± 0.8 [35, 36].
It is also interesting to compare the results given
in Table 1 with other analyses. The value obtained for
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Fig. 5. Comparison of results for ahad,LOµ [pipi], evaluated
between 0.6 GeV and 0.9 GeV for the various experiments.
In case of CMD-2 and KLOE, all available measurements
have been combined using HVPTools.
κ corresponds to a branching fraction of ω into pi+pi−
of (2.09 ± 0.09) · 10−2, in agreement with the result
extracted from the fit of Ref [34], (1.95 ± 0.08) · 10−2.
Both values disagree with the PDG average [8], (1.51±
0.12) · 10−2, dominated by the result of Ref. [30] which
uses fits to essentially the same data. The fitted ω mass
is found to be lower than the PDG average [8] obtained
from 3pi decays by (0.65 ± 0.12 ± 0.12PDG) MeV, in
agreement with previous fits of the ρ − ω interference
in the 2pi spectrum (see for instance Refs. [3, 34]).
The pi+ pi− contribution
The evaluation of the complete ahad,LOµ [pipi] integral for
the pi+pi− contribution from threshold to 1.8 GeV, using
the fit up to 0.6 GeV and the HVPTools data combina-
tion above, gives 506.9 ± 1.9. The choice of the ranges
is justified by the good agreement between fit and com-
bined data integration in the 0.6–1.0 GeV region with,
however, no advantage in precision for the fit. The cor-
relation among the two contributions is found to be 62%
using pseudo-experiments.
Removing BABAR or KLOE from the dataset gives
505.0± 2.1 and 510.6± 2.2, respectively, with an abso-
lute difference of 5.6 that is significantly larger than the
individual uncertainties. Figure 5 shows a comparison
among the most precise ahad,LOµ [pipi] evaluations in the
interval 0.6–0.9 GeV. The results of all other experi-
ments fall in-between the BABAR and KLOE results,
with insufficient precision to resolve the discrepancy.
Figure 6 compares the HVPTools combination and
the fits without using the BABAR and KLOE data, re-
spectively, with the fit result for the full dataset. In light
of this discrepancy, which is not fully captured by the
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Fig. 6. The HVPTools combination (green band) relative to
the result of the fit to all individual pi+pi− data (blue band)
versus centre-of-mass energy. The black and red curves show
the results of two alternative fits where the data from KLOE
and BABAR, respectively, were excluded.
local uncertainty rescaling procedure, we add as addi-
tional systematic uncertainty half of the full difference
between the complete integrals without BABAR and
KLOE, respectively, and we place the central value of
the ahad,LOµ [pipi] contribution half-way between the two
results. To avoid double counting, the local uncertainty
rescaling between BABAR and KLOE is not applied,
but that between these and the other pi+pi− datasets
is kept. This procedure results in a total pi+pi− con-
tribution of ahad,LOµ [pipi] = 507.8± 0.8± 3.2, where the
first uncertainty is statistical and the second systematic
(dominated by the new uncertainty of 2.8).
3.2 The K+K− channel
Tensions among datasets are also present in the K+K−
channel (see top panel of Fig. 7 for a display of the avail-
able measurements). A discrepancy between BABAR
and SND was observed for masses between 1.05 and
1.4 GeV, which has been resolved with the most recent
SND result [37] so that older SND data are discarded.
Concerns also arise regarding data on the φ(1020)
resonance. Previously, a 5.1% difference between CMD-
2 at VEPP-2M and BABAR, with the CMD-2 data be-
ing lower, was observed. New results from CMD-3 at
VEPP-2000 [38] exhibit the opposite effect: they are
5.5% higher than BABAR (cf. Fig. 7 (middle)). The
discrepancy of almost 11% between the two CMD-2/3
datasets, which largely exceeds the quoted systematic
uncertainty of 2.2%, of which only 1.2% accounts for
uncertainties in the detection efficiency, is claimed to
originate from a better understanding of the detec-
tion efficiency of low-energy kaons in the CMD-3 data.7
7 In comparison with the CMD-2/3 and SND measure-
ments, the ISR method of BABAR benefits from higher-
8Given the yet unresolved situation, we keep both CMD-
2 and CMD-3 datasets, which, owing to the uncertainty
rescaling procedure in presence of discrepancies, leads
to a deterioration of the precision (by about a factor of
2) of the combined data (Fig. 7 (bottom)).
3.3 Other channels
Recent measurements have been included in the data
combinations: pi0γ from SND [14], pi+pi−2pi0 from
BABAR [10], pi+pi−3pi0 from BABAR [15], ηpi+pi− from
BABAR [13], ηpi+pi−pi0 from CMD-3 [9] and SND [17],
φη from CMD-3 [18], and KSKLpi0 from SND [11].
Only very few final states remain to be estimated us-
ing isospin symmetry. Already in 2017, a significant step
was achieved with the BABAR measurements of all the
final states contributing to the KKpi and KKpipi chan-
nels, so that previous isospin-based estimates became
obsolete. Now the only significant (albeit small) con-
tribution obtained with the use of isospin constraints
is that for the pi+pi−4pi0 channel. The part excluding
η3pi, which is obtained from measured processes and
reevaluated in this analysis, amounts to a fraction of
the total dispersion integral of only 0.016% with an
assigned systematic uncertainty of 100%. One could
also question the completeness of the set of exclusive
processes considered below 1.8 GeV, including up to
6-pion and KK+3 pions. A recent measurement of the
3pi+3pi−pi0 cross section by CMD-3 [16] allows one to es-
timate a very small total 7-pion contribution, included
in this analysis, of only 0.002%. Although such high-
multiplicity channels appear to be contributing negligi-
bly below 1.8 GeV their importance is likely to increase
above.
All other contributions are identical to the ones de-
scribed in our previous analysis [1], except for a reeval-
uation of the contribution from ω decay modes not re-
constructed in other exclusive channels.
4 Compilation and results
A compilation of the various contributions to ahad,LOµ
and to ∆αhad(m2Z), as well as the total results are
given in Table 2. The experimental uncertainties are
separated into statistical, channel-specific systematic,
and common systematic contributions that are corre-
lated with at least one other channel. The contribu-
tions from the J/ψ and ψ(2S) resonances in Table 2 are
obtained by numerically integrating the corresponding
undressed8 Breit-Wigner lineshapes. The uncertainties
in the integrals are dominated by the knowledge of the
momentum kaons with better detection efficiency owing to
the boost of the final state.
8 The undressing uses the BABAR programme AFKVAC,
correcting for both leptonic and hadronic VP effects. The
hadronic part is obtained from a numerical integration over
   [GeV]s
1 1.2 1.4 1.6 1.8 2
Cr
os
s 
se
ct
io
n 
  [n
b]
-210
-110
1
10
210
310
OLYA
CMD
DM1
DM2
SND
CMD-2
CMD-3
BABAR
Combined
-K+K→-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.016 1.017 1.018 1.019 1.02 1.021 1.022 1.023 1.024
Cr
os
s 
se
ct
io
n(e
xp
) / 
Co
mb
ina
tio
n -
 1
-0.15
-0.1
-0.05
0
0.05
0.1
0.15
-K+K→-e+e SND
CMD-2
CMD-3
BABAR
Combined
Cr
os
s 
se
ct
io
n(e
xp
) / 
Co
mb
ina
tio
n -
 1
   [GeV]s
1.016 1.017 1.018 1.019 1.02 1.021 1.022 1.023 1.024
Er
ro
r s
ca
le
 fa
ct
or
1
1.5
2
2.5
3
3.5
4
-K+K→-e+e
Fig. 7. Top panel: bare cross sections for e+e− → K+K−.
See text for a description of the data used. Middle: com-
parison between individual e+e− → K+K− cross-section
measurements from BABAR [39], CMD-2 [40], CMD-3 [38]
and SND [37], and the HVPTools combination. Bottom: lo-
cal scale factor versus centre-of-mass energy applied to the
combined K+K− cross-section uncertainty to account for
inconsistency in the individual measurements.
9Channel ahad,LOµ [10−10] ∆αhad(m2Z) [10−4]
pi0γ 4.29± 0.06± 0.04± 0.07 0.35± 0.00± 0.00± 0.01
ηγ 0.65± 0.02± 0.01± 0.01 0.08± 0.00± 0.00± 0.00
pi+pi− 507.80± 0.83± 3.19± 0.60 34.49± 0.06± 0.20± 0.04
pi+pi−pi0 46.20± 0.40± 1.10± 0.86 4.60± 0.04± 0.11± 0.08
2pi+2pi− 13.68± 0.03± 0.27± 0.14 3.58± 0.01± 0.07± 0.03
pi+pi−2pi0 18.03± 0.06± 0.48± 0.26 4.45± 0.02± 0.12± 0.07
2pi+2pi−pi0 (η excl.) 0.69± 0.04± 0.06± 0.03 0.21± 0.01± 0.02± 0.01
pi+pi−3pi0 (η excl.) 0.49± 0.03± 0.09± 0.00 0.15± 0.01± 0.03± 0.00
3pi+3pi− 0.11± 0.00± 0.01± 0.00 0.04± 0.00± 0.00± 0.00
2pi+2pi−2pi0 (η excl.) 0.71± 0.06± 0.07± 0.14 0.25± 0.02± 0.02± 0.05
pi+pi−4pi0 (η excl., isospin) 0.08± 0.01± 0.08± 0.00 0.03± 0.00± 0.03± 0.00
ηpi+pi− 1.19± 0.02± 0.04± 0.02 0.35± 0.01± 0.01± 0.01
ηω 0.35± 0.01± 0.02± 0.01 0.11± 0.00± 0.01± 0.00
ηpi+pi−pi0(non-ω,φ) 0.34± 0.03± 0.03± 0.04 0.12± 0.01± 0.01± 0.01
η2pi+2pi− 0.02± 0.01± 0.00± 0.00 0.01± 0.00± 0.00± 0.00
ωηpi0 0.06± 0.01± 0.01± 0.00 0.02± 0.00± 0.00± 0.00
ωpi0 (ω → pi0γ) 0.94± 0.01± 0.03± 0.00 0.20± 0.00± 0.01± 0.00
ω2pi (ω → pi0γ) 0.07± 0.00± 0.00± 0.00 0.02± 0.00± 0.00± 0.00
ω (non-3pi,piγ, ηγ) 0.04± 0.00± 0.00± 0.00 0.00± 0.00± 0.00± 0.00
K+K− 23.08± 0.20± 0.33± 0.21 3.35± 0.03± 0.05± 0.03
KSKL 12.82± 0.06± 0.18± 0.15 1.74± 0.01± 0.03± 0.02
φ (non-KK, 3pi,piγ, ηγ) 0.05± 0.00± 0.00± 0.00 0.01± 0.00± 0.00± 0.00
KKpi 2.45± 0.05± 0.10± 0.06 0.78± 0.02± 0.03± 0.02
KK2pi 0.85± 0.02± 0.05± 0.01 0.30± 0.01± 0.02± 0.00
KK3pi (estimate) −0.02± 0.01± 0.01± 0.00 −0.01± 0.00± 0.00± 0.00
ηφ 0.33± 0.01± 0.01± 0.00 0.11± 0.00± 0.00± 0.00
ηKK (non-φ) 0.01± 0.01± 0.01± 0.00 0.00± 0.00± 0.01± 0.00
ωKK (ω → pi0γ) 0.01± 0.00± 0.00± 0.00 0.00± 0.00± 0.00± 0.00
ω3pi (ω → pi0γ) 0.06± 0.01± 0.01± 0.01 0.02± 0.00± 0.00± 0.00
7pi (3pi+3pi−pi0 + estimate) 0.02± 0.00± 0.01± 0.00 0.01± 0.00± 0.00± 0.00
J/ψ (BW integral) 6.28± 0.07 7.09± 0.08
ψ(2S) (BW integral) 1.57± 0.03 2.50± 0.04
R data [3.7− 5.0] GeV 7.29± 0.05± 0.30± 0.00 15.79± 0.12± 0.66± 0.00
RQCD [1.8− 3.7 GeV]uds 33.45± 0.28± 0.65dual 24.27± 0.18± 0.28dual
RQCD [5.0− 9.3 GeV]udsc 6.86± 0.04 34.89± 0.17
RQCD [9.3− 12.0 GeV]udscb 1.21± 0.01 15.56± 0.04
RQCD [12.0− 40.0 GeV]udscb 1.64± 0.00 77.94± 0.12
RQCD [> 40.0 GeV]udscb 0.16± 0.00 42.70± 0.06
RQCD [> 40.0 GeV]t 0.00± 0.00 −0.72± 0.01
Sum 693.9± 1.0± 3.4± 1.6± 0.1ψ ± 0.7QCD 275.42± 0.15± 0.72± 0.23± 0.09ψ ± 0.55QCD
Table 2. Compilation of the contributions to ahad,LOµ and ∆αhad(m2Z) as obtained from HVPTools, and the phenomenolog-
ical fit for the pi+pi− contribution below 0.6 GeV. Where three (or more) uncertainties are given, the first is statistical, the
second channel-specific systematic, and the third common systematic, which is correlated with at least one other channel.
For the contributions computed from QCD, only total uncertainties are given, which include effects from the αS uncertainty,
the truncation of the perturbative series at four loops, the FOPT vs. CIPT ambiguity, and quark mass uncertainties. Except
for the latter uncertainty, all other uncertainties are taken to be fully correlated among the various energy regions where
QCD is used. The additional uncertainty dubbed “dual” estimates possible quark-hadron duality violating effects in the
QCD estimate between 1.8 and 2.0 GeV. The uncertainties in the Breit-Wigner integrals of the narrow resonances J/ψ and
ψ(2S) are dominated by the the respective electronic width measurements [8]. The uncertainties in the sums (last line)
are obtained by quadratically adding all statistical and channel-specific systematic uncertainties, and by linearly adding
correlated inter-channel systematic uncertainties.
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corresponding bare electronic width Γ 0R→ee for which
we use the values 5.60± 0.06 keV for R = J/ψ [41] and
2.35± 0.05 keV for R = ψ(2S) [8].
Sufficiently far from the quark thresholds we use
four-loop [42] perturbative QCD, including O(α2S)
quark mass corrections [43], to compute the inclusive
hadronic cross section. Nonperturbative contributions
at 1.8 GeV were determined from data [44] and found to
be small. The uncertainties of the RQCD contributions
given in Table 2 are obtained from the quadratic sum of
the uncertainty in αS (we use αS(m2Z) = 0.1193±0.0028
from the fit to Z precision data [45]), the trunca-
tion of the perturbative series (we use the full four-
loop contribution as systematic uncertainty), the differ-
ence between fixed-order perturbation theory (FOPT)
and, so-called, contour-improved perturbation theory
(CIPT) [46], as well as quark mass uncertainties (we use
the values and uncertainties from Ref. [8]). The former
three uncertainties are taken to be fully correlated be-
tween the various energy regions (see Table 2), whereas
the (smaller) quark-mass uncertainties are taken to be
uncorrelated.
To examine the transition region between the sum
of exclusive measurements and QCD we have com-
cross section data for the continuum, supplemented by an-
alytical expressions for the contributions of narrow reso-
nances including both their real and imaginary components.
The resulting correction factors reduce the J/ψ and ψ(2S)
contributions to ahad,LOµ by about 4% and are known to a
precision of better than 10−3.
puted ahad,LOµ and ∆αhad(m2Z) in the narrow energy
interval 1.8–2.0 GeV. For the former quantity we find
7.65± 0.31 and 8.30± 0.09 for data and QCD, respec-
tively. The full difference of 0.65 (0.28 ·10−4 in the case
of ∆αhad(m2Z)) is assigned as additional systematic un-
certainty, labelled by “dual” subscripts in Table 2. It
accounts for possible low-mass quark-hadron duality vi-
olation effects in the perturbative QCD approximation
that we use for this interval to avoid systematic effects
due to unmeasured high-multiplicity channels.
Figure 8 shows the total hadronic e+e− annihila-
tion rate R versus centre-of-mass energy as obtained
from the sum of exclusive data below 2 GeV and from
inclusive data between 1.8 and 5 GeV.9 Also indicated
are the perturbative QCD prediction above 1.5 GeV
and the analytical narrow J/ψ and ψ(2S) resonances.
Muon magnetic anomaly
Adding all lowest-order hadronic contributions together
gives
ahad,LOµ = 693.9± 4.0 , (6)
which is dominated by experimental systematic uncer-
tainties (cf. Table 2 for a separation of the total uncer-
9 We have verified that the integration of the finely binned
R distribution shown in Fig. 8, together with its covariance
matrix, accurately reproduces the ahad,LOµ and ∆αhad(m2Z)
results obtained by summing the exclusive modes below
1.8 GeV in Table 2.
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tainty into its components), with an uncertainty of 2.8
originating from the BABAR versus KLOE discrepancy
in the pi+pi− channel. The new result is 0.8 units larger
than our previous evaluation [1], 693.1±3.4, mostly be-
cause we symmetrised the new BABAR/KLOE system-
atic uncertainty. The total uncertainty is increased by
18%. The result without the additional BABAR/KLOE
systematic uncertainty is 692.9± 3.2.
Adding to (6) the contributions from higher order
hadronic loops, −9.87 ± 0.09 (NLO) and 1.24 ± 0.01
(NNLO) [50], hadronic light-by-light scattering, 10.5±
2.6 [51], as well as QED, 11 658 471.895 ± 0.008 [52]
(see also [53] and references therein), and electroweak
effects, 15.36± 0.10 [54],10 we obtain the complete SM
prediction
aSMµ = 11 659 183.0± 4.0± 2.6± 0.1 (4.8tot) , (7)
where the uncertainties account for lowest and higher
order hadronic, and other contributions, respectively.
The result (7) deviates from the experimental value,
aexpµ = 11 659 209.1 ± 5.4 ± 3.3 [53, 57], by 26.1 ± 7.9
(3.3σ).
A compilation of recent SM predictions for aµ com-
pared with the experimental result is given in Fig. 9.
Running electromagnetic coupling at m2Z
The sum of all quark-flavour terms from Table 2 gives
for the hadronic contribution to the running of α(m2Z)
∆αhad(m2Z) = (275.4± 1.0) · 10−4 , (8)
the uncertainty of which is dominated by data sys-
tematic effects (0.7 · 10−4) and the uncertainty in the
QCD prediction (0.6·10−4). The result without the new
BABAR/KLOE systematic uncertainty is 275.3± 0.9.
Adding to (8) the four-loop leptonic contribution,
∆αlep(m2Z) = (314.979± 0.002) · 10−4 [60], one finds
α−1(m2Z) = 128.946± 0.013 . (9)
The current uncertainty on α(m2Z) is sub-dominant in
the SM prediction of the W -boson mass (the dominant
uncertainties are due to the top mass and of theoret-
ical origin), but dominates the prediction of sin2 θ`eff ,
which, however, is about twice more accurate than the
combination of all present measurements [45].
5 Conclusions and perspectives
Using newest available e+e− → hadrons cross-section
data we have reevaluated the lowest-order hadronic vac-
uum polarisation contribution to the Standard Model
10 When adjusting [55] the new full 2-loop calculation in
Ref. [56] to physical quark masses, it reproduces the value
obtained in [54].
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Fig. 9. Compilation of recent data-driven results for aSMµ
(in units of 10−10), subtracted by the central value of the ex-
perimental average [53, 57]. The blue vertical band indicates
the experimental uncertainty, with the darker inlet repre-
senting the experimental systematic uncertainty. The repre-
sentative SM predictions are taken from KNT 2018 [59], J
2018 [58], and this work (DHMZ 2019).
prediction of the anomalous magnetic moment of the
muon, and the hadronic contribution to the running
electromagnetic coupling strength at the Z-boson mass.
For the former quantity we find ahad,LOµ = (693.9±4.0)·
10−10. In spite of new data and the use of a more precise
fit to evaluate the threshold region up to 0.6 GeV, the
uncertainty on this contribution has increased to 0.6%
since our last evaluation [1], due to the addition of a new
systematic uncertainty to account for a global discrep-
ancy between pi+pi− data from BABAR and KLOE.
Resolving this discrepancy would allow to reduce the
ahad,LOµ uncertainty by 20%.11
The discrepancy between measurement and com-
plete Standard Model prediction remains at a non-
conclusive 3.3σ level. The new Fermilab g − 2 exper-
iment currently in operation [61] aims at up to four
times better ultimate precision and has the potential
to clarify the situation.
To match the precision of the new experiment fur-
ther progress is needed to reduce the uncertainty on
ahad,LOµ from dispersion relations. New analyses of the
dominant pi+pi− channel are underway at the BABAR,
CMD-3 and SND experiments for which a systematic
uncertainty below 0.5% may be reachable. It is also im-
portant to improve the precision of the pi+pi−pi0 and
K+K− channels. The new Belle-2 experiment at the
KEK Super-B factory will also contribute to measuring
hadronic cross sections via the ISR method once the
machine and detector commissioning have been accom-
plished.
11 The contribution of the pi+pi− channel to the total
ahad,LOµ uncertainty-squared is 71%.
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Independently of the data-driven approach, lattice
QCD calculations of ahad,LOµ are also progressing albeit
not yet reaching competitive precision [62].
The determination of ahad,LOµ is closing in the esti-
mated uncertainty of the hadronic light-by-light scat-
tering contribution ahad,LBLµ of 2.6 · 10−10, which ap-
pears irreducible at present. Here only phenomenologi-
cal models have been used so far and lattice QCD cal-
culations could have a strong impact [63].
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